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multiplier spaces; these improve on previous results.
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1. Introduction
We study the regularity problem for the viscous Camassa–Holm equations (Navier–Stokes-alpha):
vt + u · ∇v +
∑
j
vj∇uj +∇pi = 1v, (1.1)
u− α21u = v, (1.2)
div u = div v = 0, (1.3)
v|t=0 = v0, div u0 = div v0 = 0 in Rn, (1.4)
where v, the fluid velocity field, u, the ‘filtered’ fluid velocity, and pi , the pressure, are unknowns. α is the length scale
parameter representing the width of the filter, and for simplicity, we will take α ≡ 1.
For u0 ∈ H1(Rn) (n = 2, 3), the global existence and uniqueness of weak solutions have been proved in [1,2]. Very
recently, Zhou and Fan [3] established various regularity criteria for the strong solution in Lp spaces and the homogeneous
Besov space B˙0∞,∞ for n ≥ 4. As a corollary, they showed the existence of a global smooth solution when n ≤ 4.
In what follows, we always assume n ≥ 5. The aim of this work is to establish a weaker regularity criterion in multiplier
spaces. By a multiplier acting from one functional space, S1, into another, S2, we mean a function which defines a bounded
linear mapping of S1 into S2 by pointwise multiplication. Thus, with any pair of spaces S1, S2, we associate a third, the space
of multipliersM(S1, S2)with the following norm:
‖f ‖M(S1,S2) = sup‖g‖S1≤1
‖fg‖S2 .
M(H˙r , L2) has been used in the study of the uniqueness of weak solutions for the Navier–Stokes equations in [4] where it is
pointed out that
Lp ⊂ Lp,∞ ⊂ M˙p,q ⊂ M(H˙r , L2) ⊂ M˙ 3r ,2, for p = 3
r
> q > 2. (1.5)
Here M˙p,q stands for the homogeneous Morrey space.
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In this work, wewould like to use themultiplier space X˙r(Rn) := M(B˙r2,1(Rn), L2(Rn)), for which it has been proved in [5]
that
M(H˙r(Rn), L2(Rn)) ⊂ M˙3/r,2(Rn) = X˙r(Rn) := M(B˙r2,1(Rn), L2(Rn)), 0 < r < 1. (1.6)
Our main result of this work reads:
Theorem 1.1. Let v0 ∈ H2(Rn) with n ≥ 5 and v be a smooth solution to (1.1)–(1.4) for 0 ≤ t < T . Then v is smooth in the
time interval (0, T ] provided that one of the following two conditions holds true:
(i)
u ∈ L 21−r (0, T ; X˙r(Rn)), 0 < r < 1; (1.7)
(ii)
∇u ∈ L 22−r (0, T ; X˙r(Rn)), 0 < r < 1. (1.8)
Remark 1.1. Thanks to (1.5) and (1.6), Theorem 1.1 extends the corresponding result of [3]. Moreover, from the proof,
one can easily find that the same regularity criteria can also be established for the standard MHD equations and the
Navier–Stokes equations, which give improvements on those in [6–8]. In particular, in [8], the multiplier space is chosen as
M(H˙r , L2).
2. Proof of Theorem 1.1
Since the strong solution exists locally, it is sufficient to give a priori estimates for the corresponding solution.
First, we assume (1.7) to hold.
Multiplying (1.1) by−1v, due to the divergence free property of v, using (1.3) yields
1
2
d
dt
∫
Rn
|∇v(x, t)|2dx+
∫
Rn
|1v(x, t)|2dx =
∫
Rn
(
u · ∇v +
∑
j
vj∇uj
)
(x, t)1v(x, t)dx
=
∫
Rn
(
(u · ∇v) ·1v −
∑
i,j
∂ivjuj1vi
)
(x, t)dx
≤ ‖u(t) · ∇v(t)‖L2‖1v(t)‖L2 +
∑
i,j
‖∂ivj(t)uj(t)‖L2‖1vi(t)‖L2
≤ C‖u(t)‖X˙r ‖∇v(t)‖B˙r2,1‖1v(t)‖L2
≤ C‖u(t)‖X˙r ‖∇v(t)‖1−rL2 ‖1v(t)‖1+rL2
≤ C‖u(t)‖
2
1−r
X˙r
‖∇v(t)‖2L2 +
1
2
‖1v(t)‖2L2 , (2.1)
where B˙sp,q denotes the homogeneous Besov space and we used the following interpolation inequalities:
‖f · g‖L2 ≤ C‖f ‖X˙r ‖g‖B˙r2,1 , (2.2)
‖w‖ .
B
r
2,1
≤ C ‖w‖1−r
L2
‖∇w‖rL2 , (2.3)
where (2.3) was proved in [9] with 0 < r < 1.
Then, by applying Gronwall’s inequality to (2.1), we get
‖∇v(t)‖2L∞(0,T ;L2(Rn)) ≤ ‖∇v0(t)‖2L2(R2) exp
(∫ T
0
‖u(τ )‖
2
1−r
X˙r (Rn)
dτ
)
. (2.4)
Hence we obtain the estimate for v under condition (1.7).
Now, we assume that (1.8) is true.
Let ω be the vorticity tensor, i.e.,
ωij := ∂ivj − ∂jvi,
for i, j = 1, . . . , n; then
∂tωij −1ωij + u · ∇ωij +
∑
k
(∂iuk · ωkj − ∂juk · ωki) = 0. (2.5)
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Multiplying (2.5) by−1ωij, summing over (i, j), using (1.3) and the Hölder inequality, we have
1
2
d
dt
∫
Rn
|∇ω(x, t)|2dx+
∫
Rn
|1ω(x, t)|2dx =
∑
i,j,k,`
∫
Rn
(
uk∂kωij + ∂iuk · ωkj − ∂juk · ωki
)
(x, t)∂2`ωij(x, t)dx
= −
∑
i,j,k,`
∫
Rn
(∂`uk · ∂kωij + ∂iuk · ∂`ωkj − ∂juk · ∂`ωki + ∂`∂iuk · ωkj − ∂`∂juk · ωki)(x, t)∂`ωij(x, t)dx
≤ C‖|∇u(t)| · |∇ω(t)|‖L2‖∇ω(t)‖L2
≤ C‖∇u(t)‖X˙r ‖∇ω(t)‖B˙r2,1‖∇ω(t)‖L2
≤ C‖∇u(t)‖X˙r ‖∇ω(t)‖2−rL2 ‖1ω(t)‖rL2
≤ C‖∇u(t)‖
2
2−r
X˙r
‖∇ω(t)‖2L2 +
1
2
‖1ω(t)‖2L2 ,
where (2.2) and (2.3) are used.
Then similarly, Gronwall’s inequality yields the estimate for the vorticity field ω under condition (1.8).
This completes the proof. 
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